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Abstract While stable solutions of dynamical sys-
tems are generally regarded as more significant than
unstable ones, the latter play a crucial role in the dynam-
ical integrity of stable steady-states. In fact, the bound-
aries of basins of attraction are often formed by unsta-
ble saddle-type solutions and their stable manifolds.
This study proposes a method for estimating unstable
limit cycles surrounding stable equilibrium points. The
method leverages the shape of trajectories converging
towards the equilibrium. Trajectories from small per-
turbations near the equilibrium state are sufficient to
provide an acceptable estimate of the unstable limit
cycle. No mathematical model of the system dynamics
is required for the computation, which relies on just a
single trajectory in the phase space. Consequently, the
method is computationally efficient and can potentially
be implemented in real-world structures.
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1 Introduction

Dynamical integrity quantifies the robustness of a sys-
tem’s attractors against external perturbations. In most
practical cases, dynamical integrity is bounded, mean-
ing that if a system experiences a sufficiently large
perturbation from a stable steady state, it will diverge
from that state. In such cases, the solution is said to be
locally stable. Conversely, if the dynamical integrity is
unbounded, the solution is globally stable.

This issue arises in many engineering applications
and can, at times, lead to serious accidents. Examples
include machining processes [1,2], flutter instability
[3,4], turbulent and shear flows [5,6], pressure relief
valves [7], wheel shimmy [8–10], robot control [11–
13], break squeal [14,15], traffic jams [16,17], and elec-
tric blackouts [18,19], to name a few.

Dynamical integrity can be studied via their basin
of attraction. The basin of attraction of a solution is the
region of the phase space from which trajectories will
converge to the solution.

Several methods exist to compute a solution’s basin
of attraction. Arguably the most effective numerical
technique is the cell-mapping method, developed by
Hsu in 1980 [20]. However, it suffers from memory
limitations for medium- or large-scale dynamical sys-
tems and is complex to implement. Analytical methods
based on Lyapunov functions can identify subsets of
the basin of attraction; however, general techniques for
their computation are not easily available and they often
yield too conservative results [21]. Recently, methods
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have been developed to quickly estimate a solution’s
dynamical integrity without computing the basin of
attraction [22,23], but they also face challenges for
large dynamical systems.

For real systems lacking an available mathematical
model, computing basins of attraction is highly chal-
lenging, with only a few studies addressing this issue
[24–26].

In most studies on nonlinear dynamics, only stable
steady-state solutions are considered practically rele-
vant since unstable ones are rarely realized in prac-
tice. However, unstable solutions play a crucial role
in structuring the basins of attraction of stable solu-
tions. Unstable saddle-type solutions typically lie on
the boundary between basins of attraction, and their
attractive manifolds define these boundaries. Because
of these properties, unstable solutions are crucial to a
system’s dynamical integrity. Specifically, in two-di-
mensional systems, an equilibrium’s basin of attrac-
tion is often completely defined by an unstable limit
cycle (ULC). This occurs in systems where effective
damping becomes negative above a certain amplitude
of oscillations, typically leading to the formation of an
unstable limit cycle [27]. In higher-dimensional sys-
tems, the ULC defines only a line on the boundary of
the basin of attraction, yet a strong connection often
exists between the equilibrium’s dynamical integrity
and the size of the ULC. Thus, identifying ULCs offers
valuable insights into dynamical integrity.

However, ULCs are relatively difficult to identify. In
some cases, they can be found analytically, or numeri-
cally through shooting or collocation methods [28], for
example. They can be identified via backwards time
integration in some very special cases, but their identi-
fication in experiments is particularly challenging.

The recent emergence of experimental continua-
tion is worth noting, which consists of experimentally
tracking steady-state solutions of nonlinear dynami-
cal systems, including unstable branches [29,30]. This
method uses feedback control to stabilize otherwise
unstable solutions. The unstable solution is then iden-
tified by finding the conditions under which the system
is in a steady state with minimal control effort [31]. A
review on this topic is available in [32]. Although this
method has been successfully applied to various engi-
neering systems [33], it has the notable drawback of
requiring substantial hardware resources for feedback
control.

This study aims to address this gap by developing
a method to estimate ULCs directly from a system’s
time series, without requiring specific initial condi-
tions, feedback control, or amathematicalmodel for the
system dynamics. The developed method leverages the
so-called critical slowing down [34], i.e., the increased
relaxation time of a dynamical system near a steady-
state solution, which also occurs close to ULCs.

This effect has already been exploited in a series of
studies by Epureano and collaborators. Their method,
as presented in the initial study [35], can forecast An-
dronov-Hopf bifurcations and the emerging branch of
periodic solutions using trajectories computed in the
pre-bifurcation parameter space. By analyzing the dif-
ferential amplitude-dependent decay velocity of two or
more trajectories, one can estimate where the critical
zero decay occurs. The branch of periodic solutions is
estimated to be approximately where the decay is zero.
Themethod has since been further refined and tested on
various systems, including aeroelastic flutter [36–39],
parametrically excited systems [40], and traffic jams
[41]. Recently, the author of this study developed a
similar algorithm specifically for identifying fold bifur-
cations, which typically mark regions in the parameter
space where a solution is only locally stable [42]. This
methodwas experimentally validated on a towedwheel
undergoing shimmy oscillations [43].

These methods, which have proven to be highly
effective, exploit the differential behavior of time series
for parameter value variations to estimatewhere critical
slowing down will occur. As such, they require large-
amplitude initial conditions to cover the full amplitude
range of interest. This poses a significant limitation
for real-world applications, where imposing large ini-
tial conditions is often unfeasible. Additionally, in real
applications, itmight be impractical tomodify a param-
eter value in a controlled manner for such estimations.

Recognizing these limitations, this study proposes a
different approach to critical slowing down. Here, the
critical slowing down is estimated not in the parameter
space but in the phase space. In practice, this approach
uses time series with relatively small initial conditions
and a single set of parameter values to estimate large-
amplitude unstable periodic solutions where critical
slowing down occurs.

The fundamental working principle of the method is
discussed in Sect. 2. Section3 explains the algorithm in
detail. The method is then tested on three systems pre-
senting very different challenges. Namely, the mass-
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on-moving-belt system, which presents non-smooth-
ness (Sect. 4), a time-delayed mathematical model for
turning machining dynamics (Sect. 5), and a pitch-
and-plunge wing profile undergoing flutter instabil-
ity, where the challenge lies in the presence of mul-
tiple degrees of freedom (DoF) (Sect. 6). Concluding
remarks are provided in Sect. 7.

2 Fundamental idea

Let us first consider a slightly damped, unforced lin-
ear oscillator, such as the classical spring-mass-damper
system. For any perturbation from the trivial solution,
the system oscillates with decreasing amplitude. The
amplitude decrement is well described by the logarith-
mic decrement Λ, which is defined as

Λ = Ai

Ai+1
, (1)

where Ai is the oscillation amplitude of the i th peak. For
a linear system, Λ is constant, and its value is directly
related to the system’s damping ratio.

Now, consider a single-DoF smooth nonlinear sys-
tem having a stable equilibrium surrounded by a ULC,
as illustrated in Fig. 1a.

The limit cycle is a steady-state solution of the sys-
tem. Accordingly, despite being unstable, a trajectory
passing close to it in the phase space moves away rel-
atively slowly. This phenomenon, known as critical
slowing down [34], refers to the tendency of a sys-
tem’s dynamics to slow down near steady-state solu-
tions, regardless of their stability. In this context, the
system’s velocity reflects how quickly it diverges from
or converges toward a solution.

Consider a trajectory starting near the unstable limit
cycle and converging toward the trivial solution. Unlike
in the linear case, the logarithmic decrement Λ will
no longer remain constant. It will start small near the
ULC and increase as the system approaches equilib-
rium. If the trajectory begins infinitesimally close to the
unstable solution, the logarithmic decrement will start
from almost zero. If the initial condition lies inside the
ULC, oscillation amplitude will decrease, and Λ will
increase. Conversely, if the initial condition is outside
the ULC, the amplitude will grow, and the logarith-
mic decrement will be negative and further decrease.
Graphically, this behavior appears as a curve intersect-
ing the zero axis in correspondence with the amplitude
of the ULC. This phenomenon is illustrated in Fig. 1c.

By perturbing the system from equilibrium, the
upper part of the curve marking the trend of the log-
arithmic decrement can be calculated. If the logarith-
mic decrement trend is sufficiently regular and can be
approximated by a polynomial curve, then its intersec-
tion with the zero axis can be estimated, as discussed
below in Sect. 3. Although the method is simpler for
a single-DoF system, it can also be applied to larger
systems, as explained in Sects. 3.3 and demonstrated
in Sect. 6. The formalization of this ULC estimation
method is provided in Sect. 3.

3 Unstable limit cycle estimation

3.1 Single-DoF systems

Consider a single-DoF systemwith a stable trivial solu-
tion and a ULC. For illustration, we examine a specific
system: anoscillatorwith nonlinear damping character-
istics, whose dynamics is governed by the differential
equation

ẍ + x + c1 ẋ − c3 ẋ
3
(
1 − ẋ2

)
= 0, (2)

where x is the state variable, c1 the linear damping
coefficient, and c3 the nonlinear damping coefficient,
governing third- and fifth-order terms. This systemwas
thoroughly studied in [27]. For c1 > 0, the trivial solu-
tion is always stable. However, while for c3 < c∗

3 =
40c1/9 it is also globally stable, for c3 > c∗

3 it coexists
with a stable and an unstable limit cycle. The unstable
limit cycle marks the boundary between the basins of
attraction of the two stable solutions. At c3 = c∗

3, the
system undergoes a fold bifurcation, where the stable
and unstable solution branches merge. Figure2a illus-
trates the corresponding bifurcation diagram. In this
analysis, we focus on the parameter range c3 > c∗

3,
where multiple solutions coexist. Without loss of gen-
erality, we fix c1 at 0.1.

A small perturbation is applied, moving the system
away from its trivial equilibrium, but within the basin
of attraction of the trivial solution, i.e., inside the region
bounded by the ULC. Time series and phase portrait of
the ensuing dynamics are depicted in Fig. 2b and c.
The peaks of the time series in Fig. 2b correspond to
the intersection of the trajectory with the ẋ = 0 axis,
marked by magenta dots in Fig. 2c. The first four peaks
are considered, and the logarithmic decrement between
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Fig. 1 a Phase portrait of a system having a stable trivial solu-
tion and a ULC (black circle); blue curve: trajectory converg-
ing to the equilibrium; red curve: trajectory diverging from it;
magenta dots: intersections of trajectories with the positive zero
semi-axis. b Time series either converging towards a stable equi-

librium (top), or diverging from it (bottom). c Logarithmic decre-
ment computed for each peak of the trajectories; blue curve:
converging trajectory, red curve: diverging trajectory; green dot:
amplitude of the ULC. (Color figure online)

consecutive peaks is calculated:

Λi = Ai

Ai+1
. (3)

Thevalues ofΛi are thenpairedwith the average ampli-
tudes of the corresponding peaks to obtain three couple
of points:(

Ai + Ai+1

2
,Λi

)
, (4)

as depicted in Fig. 2d (magenta dots). Only the first
three points encountered are used since they provide
the best estimation because they are the closest to the
ULC.

Next, a quadratic polynomial is fitted through the
three points (black curve in Fig. 2d), and its intersec-
tion with the Λ = 0 axis is calculated. The intersec-
tion gives the estimated ULC amplitude (green dot in
Fig. 2d). We note that another polynomial order could
be used to estimate the intersection with the Λ = 0
axis, as discussed below.

To estimate the entire ULC, not just its intersection
with the ẋ = 0 axis, the procedure can then be repeated
for various Poincaré sections of the phase space, each
passing through zero and forming a different angle α

with respect to the ẋ = 0 axis, as illustrated in Fig. 2c.
For each Poincaré section, the first four intersections
of the trajectory are treated in the same manner as the
peaks Ai , allowing for estimation of the ULC ampli-
tude on that section. If the angle α spans 2π radiants,

the entire limit cycle can be estimated. Unusual ULC
shapes, involving multiple crossing of a Poincaré sec-
tion in a single loop, can cause the procedure to fail.
However, such cases are rare, making this limitation
not critical. Moreover, coordinate transformations can
help mitigate this issue.

Figure2e compares estimated ULCs with the exact
one for different perturbation amplitudes. Remarkably,
even small perturbations provide accurate ULC esti-
mates, as the estimated ULC for x(0) = 0.05 clearly
illustrates.

By repeating the procedure over a range of the bifur-
cation parameter (c3 in this case), the entire unstable
branch of the bifurcation diagram can be estimated.
Estimated bifurcation diagrams, obtained from pertur-
bations of various amplitudes, are compared with the
exact diagram inFig. 2f. The estimationwas interrupted
if the trajectory converged to the stable limit cycle
rather than the equilibrium, which happens if the initial
condition is outside the ULC. Figure 2f shows the rel-
atively good accuracy of the estimations. However, we
note that themethod cannot identify the fold bifurcation
marking the end of the bistable range; in fact, the esti-
mated branch of unstable solution continues to exists
for c3 < c∗

3, with rapidly increasing amplitude. This
phenomenon is due to the slower dynamics (though
not critically slow) characterizing the parameter space
preceding the fold. Indeed, this effect is utilized in
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[42,43] to predict the fold bifurcation itself. Nonethe-
less, this drawbackof the algorithm is conservative con-
cerning stability and, if properly accounted for, may be
acceptable in real applications. In fact, ULCs estimated
for parameter values where they do not exist typically
exhibit large amplitudes, as demonstrated throughout
the paper. Thus, in practice, an estimated ULC with a
very large amplitude can be regarded as either prac-
tically irrelevant or a likely artifact of the estimation
procedure. Additionally, as discussed in Sect. 3.2, the
fold could be predicted if a more appropriate order of
the interpolating polynomial were used.

3.2 Qualitative explanation

Topological considerations about the phase space and
the critical slowing down imply that the logarithmic
decrement curve intersects zero at the ULC. However,
there is no inherent reason that a quadratic polynomial
should accurately represent its trend. In fact, it is gen-
erally not the optimal estimator, as discussed below.
In a simple single-DoF linear system with only a linear
damping term, the logarithmic decrement remains con-
stant. Conversely, the system studied above has three
damping terms: linear, third-order, and fifth-order. It is
expected that the third-order damping term introduces a
quadratic trend in the logarithmic decrement, while the
fifth-order term contributes a fourth-order trend. This
can be understood intuitively, as in the system given by
Eq. (2), the damping force is expressed as

Fd =
(
c1 − c3 ẋ

2 + c3 ẋ
4
)
ẋ = c (ẋ) ẋ, (5)

with the logarithmic decrement being proportional to
the damping coefficient. This hypothesis is validated
by repeating the estimation from the previous section
using a fourth-order polynomial.

Figure3a, obtained for c3 = 0.6, illustrates the log-
arithmic decrement estimation using either a quadratic
(green), a fourth-order (black) or a sixth-order (red)
polynomial. The initial conditions for the simulation
were x(0) = 0.1 and ẋ(0) = 0.001. While the relative
error for the quadratic order polynomial is 12.3 %, for
the fourth-order polynomial it is only 3.5 %, which is
a significant improvement. Conversely, increasing the
polynomial to sixth order raises the error to 28.7 %.
The errors refer to the estimated ULC amplitude for
ẋ = 0.

Next, we consider c3 = 0.4, for which no ULC
exists. In this case, the initial conditions x(0) = 0.3 and
ẋ(0) = 0.001 were utilized. As illustrated in Fig. 3b,
the quadratic extrapolation still yields a ULC value.
Since the logarithmic decrement points decrease with
amplitude, even in the absence of ULCs, a quadratic
extrapolation inevitably intersects the zero axis. In con-
trast, the fourth-order estimation produces a curve that
does not intersect the zero axis, correctly indicating the
absence of a ULC. In the figure, blue crosses indicate
logarithmic decrement points from a separate simula-
tion with larger initial conditions, which were not used
in the estimation. The agreement between the fourth-
order interpolation curve and those points is excellent;
however,we note that thematch deteriorates for smaller
values of x0.

Finally, Fig. 3c compares the bifurcation diagram’s
exact branch of unstable solutions with those estimated
using quadratic and fourth-order polynomials. For the
simulations, the initial conditions were x(0) = 0.1 and
ẋ(0) = 0.001. The fourth-order extrapolation is signif-
icantly more accurate than the quadratic one; besides,
it identifies the fold bifurcation, marked by the leftmost
point presentingULCs,with a relatively good accuracy.

Although these results clearly show that a quadratic
polynomial is not the best choice for extrapolating log-
arithmic decrement points, it remains in use through-
out the paper. In fact, when no information is available
about the system’s damping characteristics—which is
often the case—a quadratic polynomial provides rea-
sonably good results, as illustrated later, and avoids
over-fitting, which can be detrimental for extrapola-
tion.

3.3 Larger dimensional systems

For a single-DoF, two-dimensional system, implement-
ing the ULC estimation method is significantly sim-
pler compared to higher-dimensional systems. In a
two-dimensional system, the so-called primary spec-
tral submanifold [44,45] coincides exactly with the full
phase space. Therefore, after any perturbation, the sys-
tem remains on the primary spectral submanifold and
converges in a spiral motion toward the equilibrium—
unless the perturbation pushes it outside the ULC.

This is no longer valid for larger dimensional sys-
tems, leading to various challenges. First, a perturba-
tion might move the system to a phase space region far
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Fig. 2 aBifurcation diagram for the system in Eq. (2), c1 = 0.1.
b Time series for the ULC estimation, obtained for c3 = 0.9. c
Phase portrait of the system for c3 = 0.9; blue curve: simu-
lated trajectory; black dashed curve: exact ULC; blue dashed
line: Poincaré section; magenta dots: points of the trajectory
selected for the ULC estimation; green dot: estimated ULC for

either ẋ = 0 and on the Poincaré section. d Logarithmic decre-
ment point and ULC estimation. e Comparison between exact
and estimated ULC for different initial conditions. f Comparison
between the exact and estimated unstable branch of the bifurca-
tion diagram for different initial conditions. (Color figure online)

from the ULC, from which the system might converge
toward the equilibrium without approaching the ULC.
Consequently, it may carry only minimal information
about the ULC. Assuming that any perturbation can be
applied to the system, there is no straightforward solu-
tion to this issue. However, dynamical systems gener-
ally tend to converge towards the primary spectral sub-
manifold, which, for a vibrating system, is often a two-
dimensional invariant surface. As explained later, this
tendency organizes the dynamics, making ULC esti-
mation feasible.

Another important challenge in systems with two or
more DoF is the possibility of modal interaction and
beating phenomena, which can significantly compli-

cate the ULC estimation. Currently, we cannot pro-
vide any solution for this issue, which remains an open
topic and limits the method to system having one dom-
inant vibration mode. This limitation is planned to be
addressed in future studies.

Despite these problems, the method is generally
applicable to systemswith dimensions greater than two,
as demonstrated in Sects. 5 and 6. The following dis-
cussion outlines the main adjustments needed for ana-
lyzing systems beyond two dimensions.

It is assumed that a trajectory converges towards
the primary spectral submanifold while approaching
the equilibrium; therefore, presents a sort of ordered
dynamics. Generally, the initial segment of the trajec-
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Fig. 3 a Logarithmic decrement points (magenta) and ULC
amplitude estimation through quadratic (green), fourth- (black),
and sixth-order (red) polynomial extrapolation, c3 = 0.6 and
x0 = 0.1. b Logarithmic decrement points (magenta), ULC
amplitude estimation with quadratic (green) and fourth-order

polynomial extrapolation (black), blue crosses mark logarith-
mic decrement points not used for the estimation, c3 = 0.4 and
x0 = 0.3. c Comparison between the bifurcation diagram’s exact
and estimated unstable branchwith different order of polynomial
extrapolation, x0 = 0.1. (Color figure online)

tory is transient as it nears the spectral submanifold and
should be discarded. The time length of this discarded
segment cannot be defined a priory, since it depends on
the initial conditions and on the system’s characteris-
tics.

Oneway to solve this problem is to estimate the ratio
between the energy content of the first mode and that
of the other modes. The signal is used for estimation
only once this ratio exceeds a certain threshold. Sev-
eral techniques can be applied for this purpose, such
as a sliding-window FFT or wavelet transformation of
the time series of one of the system coordinates, or
through a sliding-window principal component analy-
sis. A simpler approach is to discard a predefined initial
portion of the trajectory, with the duration determined
through visual inspection and refined using a trial-and-
error method. For the cases considered here, the latter
approach was used because it proved effective and sig-
nificantly simpler.

For ULC prediction, each system coordinate is ana-
lyzed independently by projecting the trajectory onto
a two-dimensional position-velocity subspace of the
phase space. Poincaré sections are defined in this plane,
and the prediction proceeds as in the single-DoF case.
Since the analysis uses a projected trajectory, intersec-
tions may occur, potentially compromising the estima-
tion.However, if a sufficiently long initial portion of the
signal is disregarded and the system’s topology is rel-

atively simple, this problem is unlikely to arise. Alter-
natively, delay embedding could be used instead of a
position-velocity subspace, whichwould also avoid the
need for numerical differentiation of the position signal
if velocity values are not directly available. Denoting
the generic coordinate by x , the subspace would then
be either (x, ẋ) or (x(t), x(t − τ)).

If a mathematical model of the system is available,
either from the system mechanics or obtained from
data, modal coordinates can be used instead of the
measured coordinates. However, since this method is
designed specifically to avoid the need for a mathemat-
ical model, this scenario is not considered here.

For a single-DoF, two-dimensional system, only the
first three logarithmic decrement/amplitude points are
used to compute a quadratic interpolation, whose inter-
section with the zero axis indicates the estimated ULC
amplitude. For larger dimensional systems, it is advis-
able to use more points and compute a least square
approximation to determine the quadratic curve. In this
way, the disturbance due to other modes potentially
present in the signal is partially mitigated. The same
approach should be applied to real systems to miti-
gate noise. However, the experimental validation of the
method is beyond the scope of this paper and is left for
future studies.

In the following sections, the method is applied to
three inherently different systems, in order to assess its
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potential and limitations. Namely, a mass-on-moving-
belt system exhibiting non-smooth behavior, a single-
DoF model of turning machining described by a
delayed differential equation (resulting in an infinite-
dimensional system), and a two-DoF model of a pitch-
and-plunge airfoil experiencing aeroelastic flutter.

4 Non-smooth system: mass-on-moving-belt

We analyze the mass-on-moving-belt system, depicted
in Fig. 4a [14]. This archetypal model for friction-
induced vibrations is commonly used to investigate the
dynamics of violin strings [46] and brake squeal phe-
nomena [47].

The system’s dynamics is governed by the differen-
tial equation

ẍ + 2ζ ẋ + x = Ff, (6)

where time is non-dimensionalized by the oscillator
natural frequency, ζ is the linear damping ratio and
{
Ff = μ (vrel) vrel �= 0
|Ff| ≤ μs vrel = 0.

(7)

Following the Stribeck friction law [48], the friction
coefficientμ is expressed as an exponentially decaying
function:

μ(vrel) =
(

μd + (μs − μd) e
− |vrel|

v0

)
sign (vrel) , (8)

where vrel = v − ẋ denotes the relative velocity. The
friction force exhibits a discontinuity at vrel = 0.With-
out loss of generality, the parameters are set to μs = 1,
μd = 0.5, v0 = 0.5, and ζ = 0.05, as in [15].

The system’s trivial solution is stable for large belt
velocities v, while it undergoes a subcritical Andronov-
Hopf bifurcation for v = vcr = 1.151, becoming
unstable [14]. In correspondence of the stability loss,
a branch of unstable periodic solutions emerges. For
v = 1.83, this branch undergoes a non-smooth fold
bifurcation,mergingwith another branch of stable peri-
odic solutions, as depicted in Fig. 4b.

We apply the ULC estimation technique to this sys-
tem. Since the system is two-dimensional, the proce-
dure outlined in Sect. 3.1 can be directly implemented.
However, the system’s non-smooth nature may pose
challenges for the estimation algorithm.We set v = 1.6
and we consider initial conditions x(0) = x0 and
ẋ(0) = 0.001. Initially, we choose x0 = 0.75, which is

approximately halfway between the ULC and the triv-
ial equilibrium. The resulting time series is shown in
Fig. 4c. Using the local maxima of the trajectory, we
estimate the ULC amplitude as 1.665, while the exact
amplitude is 1.539, resulting in an overestimation error
of about 8 % (Fig. 4d and e). Repeating the proce-
durewith different initial conditions, the error increases
for lower initial conditions (12 % error for x0 = 0.5)
and decreases for larger initial conditions, closer to the
ULC (4 % error for x0 = 1.0 and about 1 % error for
x0 = 1.25), as shown in Fig. 4f. Overall, considering
that the procedure’s objective is to provide a rough esti-
mation of the ULC, the result is satisfactory. We also
note that the estimated ULC exhibits the same asym-
metric shape as the exact ULC.

By repeating the same procedure for a range of val-
ues of the belt velocity v, i.e., the bifurcation parame-
ter, the branch of ULCs can be estimated. The same
perturbation amplitudes are considered, specifically
x0 = 0.5, 0.75, 1.0 and 1.25. As the ULC becomes
larger, the estimation accuracy decreases because the
trajectory is farther from the ULC. This behavior is
confirmed by the results illustrated in Fig. 4b. Also in
this case, the estimation algorithm fails to identify the
saddle-node bifurcation, extending the estimated ULC
branches into a region where no ULC exists. Addition-
ally, unlike the previous case studied, no variation in the
trend of the ULC branches is visible in the vicinity of
the saddle-node bifurcation. This observation confirms
the limitation of the method discussed above.

We note that, although this system is non-smooth,
the non-smooth nature primarily impacts the stick–
slip periodic solutions beyond the ULC; therefore,
it only affects the estimation procedure marginally.
Conversely, a strong non-smooth phenomenon acting
between the trajectory and the ULC to be estimated
would likely compromise the method’s effectiveness
completely.

5 System with time delay: turning machining

We consider a simplified model of a turning machine,
as represented in Fig. 5a. The cutting tool is modeled
as a single-DoF oscillator, where the mass, damping,
and stiffness coefficients represent modal quantities,
which are non-dimensionalized in this study. Thework-
piece, assumed stationary, interacts with the cutting
tool through the cutting force Fc, which depends on
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Fig. 4 Comprehensive results about the mass-on-belt system.
a Mechanical model. b Bifurcation diagram; black lines: exact
solution; colored lines: estimated. c Time series for the ULC
estimation, obtained for v = 1.6. d Phase portrait of the sys-

tem for v = 1.6; black dashed line: exact ULC; green solid
line: estimated ULC. e Logarithmic decrement points and ULC
estimation. f Comparison between exact and estimated ULC for
different initial conditions. (Color figure online)

the depth of cut. The time-dependent depth of cut h(t)
results from the difference between the cutting tool’s
current position and its position one revolution earlier,
introducing a time delay in the differential equation that
describes the system’s dynamics. Thus, the system is
modeled by a delay differential equation.

The time delay in the equation of motion makes the
system infinite-dimensional, despite having only one-
DoF. Therefore, the system will be studied according
to the methodology discussed in Sect. 3.3, as outlined
below.

The depth of cut has nominal value h0, which cor-
responds to the value it assumes in the steady cutting
scenario. Calling x the modal displacement of the cut-
ting tool’s first mode, normalized by the nominal depth

of cut, and normalizing time with respect to the cutting
tool’s first natural frequency, the equation of motion is

ẍ(t) + 2ζ ẋ(t) + x(t) = p
(
(x(t − τ) − x(t))

+ η2 (x(t − τ) − x(t))2 + η3 (x(t − τ) − x(t))3
)
,

(9)

where ζ is the damping factor, τ is the dimensionless
spindle period of rotation (and the dimensionless time
delay of the system), p is the dimensionless chip width,
and η2 and η3 characterize the nonlinearity of the cut-
ting force function. In particular,

η2 = h0
ρ2 + 3ρ3h0

ρ1 + 2ρ2h0 + 3ρ3h20

η3 = h20
ρ3

ρ1 + 2ρ2h0 + 3ρ3h20
,

(10)
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Fig. 5 Results for the turning machining model. a Mechanical
model. b Bifurcation diagram; black dashed line: exact solution;
colored solid lines: estimated. c Time series for ULC estima-
tion obtained for p = 0.12; red line: discarded portion; black
line: used portion. d Phase portrait of the system for p = 0.12;

black dashed line: exact ULC; green solid line: estimated ULC;
red (black) solid lines: discarder (used) portion of the trajectory.
e Logarithmic decrement points and ULC estimation. f Com-
parison between exact and estimated ULC for different initial
conditions for p = 0.12. (Color figure online)

where ρ1 = 6109.6 Nmm−2, ρ2 = −54141.6 Nmm−3

and ρ3 = 203769 Nmm−4 are coefficient identified
experimentally in [49]. Although different models for
the cutting force exist and their validity is an open
research topic [50], they all agree on the nonlinear
dependence of the cutting force on chip thickness.
Without loss of generality, in this study, the coefficient
values ζ = 0.05, τ = 9, h0 = 0.07 mm are used.
Further details about the adopted mathematical model
can be found in [51]. The so-called fly-over effect [52],
which occurs when the cutting tool momentarily leaves
the work-piece, leading to a discontinuity in the cutting
force, is not considered here. Since the model serves to
demonstrate the method’s effectiveness rather than to

produce new insights into turning dynamics, this sim-
plification is appropriate for the study’s scope.

This system exhibits a classical subcritical Andro-
nov-Hopf bifurcation, as illustrated in Fig. 5b. Accord-
ing to the mathematical model, no stable periodic solu-
tions exist. However, in practice, large perturbations
can induce periodic, quasiperiodic, or chaotic motions,
often involving the fly-over effect [52]. The branch of
ULCs extends until its amplitude surpasses the chip
thickness, beyond which the mathematical model is no
longer valid.

To generate time series, we use the following initial
function:
x(t) = 0, ẋ(t) = 0 for t ∈ (−τ, 0)
x(t) = x0, ẋ(t) = 0 for t = 0.

(11)
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Initially, we set p = 0.12. For this p value, trajectories
converge to the equilibrium for x0 < 0.6986; other-
wise, they diverge.

The ULC is initially estimated for x0 = 0.5. Due to
the infinite-dimensional nature of the system, we dis-
card the first 70 time units of the time series to allow the
system to converge to the vicinity of the primary spec-
tral submanifold. The length of the discarded portion
of the time series was determined through a trial-and-
error process. Slightly adjusting this length does not
significantly alter the estimation outcome.

The obtained time series is illustrated in Fig. 5c,
where the red curve represents the discarded segment
of the time series, while only the black part is used
for the estimation. The trajectory is represented in the
phase space in Fig. 5d. The estimatedULC, represented
in green in Fig. 5d, closely approximates the exact ULC
depicted by the black dashed curve with a relative error
of approximately 6.6%at ẋ = 0.Wenote that, although
the red part of the trajectory is relatively close to the
ULC and cannot be considered a small perturbation,
the black part is relatively far from the ULC.

Figure5e shows the logarithmic decrement-ampli-
tude points extracted from the trajectory at ẋ = 0. The
difference between the exact and the estimated ULC
amplitude, derived from the quadratic extrapolation, is
visible in the figure.

The procedure is further validated utilizing different
initial conditions, down to x0 = 0.2. The relative error
obtained for the different cases (computed at ẋ = 0)
is 2.3 % for x0 = 0.2, 8.1 % for x0 = 0.3, 8.4 % for
x0 = 0.4, and 3.1 % for x0 = 0.6. Interestingly, in this
case larger initial conditions do not necessarily reduce
the error.

Finally, Fig. 5b compares the estimatedULCbranch-
es, derived from different perturbation levels, with the
exact one. All branches provide an acceptable estima-
tion, except for x0 = 0.1, which predicts excessively
large amplitudes for p < 0.115. Unsurprisingly, the
accuracy of the estimation decreases as the ULCmoves
farther from the trajectory used for estimation.

6 Multi-DoF system: aeroelastic flutter

The method is applied to a pitch-and-plunge airfoil
undergoing flutter oscillations (Fig. 6). Variants of the
pitch-and-plunge wing model have been used in sev-
eral previous studies [53–56], differing only slightly

Fig. 6 Mechanical model of the pitch-and-plunge airfoil

in the system’s nonlinearities compared to the model
employed here. The model has two DoFs, making it
four-dimensional; thus, the analysis follows themethod
outlined in Sect. 3.3.

The system dynamics is governed by the following
system of non-dimensional differential equations:

Mẍ + Cẋ + Kx + b (x) = 0, (12)

where

x =
[
y
α

]
, K =

[
Ω2 βu2

0 r2α − νu2

]
, C =

[
ζh + βu 0

−νu ζα

]
,

M =
[
1 xα

xα r2α

]
, b =

[
0

ξα3α
3 + ξα5α

5

]
,

(13)

y marks the heave displacement, non-dimensionalized
by the semichord of the airfoil, α indicates the pitch
rotation, while u depicts the non-dimensional flow
velocity. Details on the physical meaning of remain-
ing parameters can be found in [4], where a similar
notation is used for ease of comparison. The adopted
parameter values are rα = 0.5, xα = 0.2, ν = 0.08,
β = 0.2, Ω = 0.5, ζh = 0.01, ζα = 0.01, ξα3 = −1,
and ξα5 = 20.

Figure7a shows the system bifurcation diagram for
variations of the flow velocity u. The equilibrium loses
stability via a subcritical Andronov-Hopf bifurcation,
giving rise to a branch of unstable periodic solutions
that reverse direction at a fold for u = u∗, becoming
stable. The Andronov-Hopf bifurcation occurs at u =
0.933, while the fold is located at u = u∗ = 0.911.

We proceed to estimate the ULC for u = 0.92. A
trajectory is simulated with initial conditions y(0) = 0,
α(0) = α0, ẏ(0) = 0, and α̇(0) = 0. For the first
trial, we set α0 = 0.05. The obtained time series is
illustrated inFig. 7b,while the corresponding trajectory
in the phase space is shown in Fig. 7c and d in two
different projections. The trajectory is represented by
both the red and black curves in the figures; however,
the red curve indicates the discarded segment, while the
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black curve is used for the analysis. Also in this case,
the length of the discarded segment was determined
through a trial-and-error procedure and was set to 65
time instant. We note that the estimation was robust to
variations in the length of the discarded segment.

Following the procedure in Sect. 3.3, we first con-
sider the plunge motion y and its derivative ẏ. The esti-
mation results are illustrated in Fig. 7c, where the black
dashed line indicates the exact ULC, while the green
line the estimated one. The agreement between the two
is excellent, with a relative error for ẏ = 0 of only
3.1 %. Figure 7d presents the results concerning the
pitch DoF α. In this case, the estimation is slightly less
accurate but sufficiently good for the purposes of the
proposed methodology, with a relative error of 5.1 %.

Figure7e illustrates the estimated logarithmic decre-
ment relative to the peaks of the pitch displacement.
The figure compares the estimated ULC amplitude
(green dot) and the exact value (blue dot). We note that
in this case, 11 logarithmic decrement-amplitude points
are used to mitigate disturbances generated by the sys-
tem’s second vibration mode. The quadratic curve was
obtained using a least square approximation.

Figure7f shows the results obtained with different
initial conditions (in the α-α̇ space). All tested cases
yield satisfactory results. The obtained relative errors
are 6 % for α0 = 0.03, 3.7 % for α0 = 0.07, and 0.7 %
for α0 = 0.1.

Finally, the colored curves in Fig. 7a mark the esti-
mated bifurcation diagram for the four considered ini-
tial conditions of the signals. In all cases, the estimation
remains accurate up to the fold bifurcation, where dif-
ferences between the four cases are practically negligi-
ble. The algorithm does not detect that, prior to the fold,
noULCexists, highlighting a previously discussed lim-
itation.

7 Discussion and conclusions

This study introduced a new method for estimating
unstable limit cycles (ULCs) around stable equilibrium
solutions. The method leverages the critical slowing
down of the system dynamics near a steady-state solu-
tion,whether stable or unstable. By recognizing that the
logarithmic decrement effectively measures this slow-
ing down, the method allows for the estimation of a
ULC from a trajectory initiated by a small perturbation
from equilibrium.

Themethodwas tested on various systems, each pre-
senting different challenges. Apart from a relatively
simple case of a resonator with nonlinear damping, we
investigated the mass-on-moving-belt system, which
features non-smoothness, a turning machining model
with a time-delay equation of motion, and a pitch-and-
plunge airfoil undergoing flutter, which has two-DoF
(unlike the other systems with only one DoF). The
method proved effective in all cases.

The main advantages of the method are:

• It requires only a single time series for the estima-
tion, making it significantly more computationally
efficient than most data-driven methods and easily
implementable in experimental systems.

• The algorithm does not require any sort of math-
ematical model of the system. This offers a major
advantage over other data-driven methods, which
usually have predictive properties only through
an estimated mathematical model, either physics-
based or black-box. By eliminating the need for
model generation and interpretation, some poten-
tial sources of error are avoided and computational
cost is significantly reduced.

• Implementing the method in real systems does not
require actuators or feedback controllers. Other
experimentalmethods for identifyingunstable solu-
tions often depend on feedback control, like the
control-based optimization method [57], or at least
on actuators [32]. The method developed in this
study might be effective even when utilizing only
natural perturbations that the system experiences
during normal operation.

• The method does not require the system’s dynam-
ics to be in close proximity to the ULC, but it esti-
mates its position from a certain distance in the
phase space. However, the accuracy of the estima-
tion improves as the dynamics approach the ULC.

Regarding the limitations of the method, we note:

• The method relies on quadratic regression to esti-
mate the ULC amplitude. However, there is no
guarantee that the logarithmic decrement follows
a quadratic trend, as this is not generally true.
While this may introduce some error, the approxi-
mation has proven to be a simple yet effective bal-
ance between computational simplicity and preci-
sion. We note that tests performed with a linear
regression provided poor results (not shown here),
while higher order polynomialmight generate large
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Fig. 7 Results about the pitch-and-plunge wing profile system.
a Bifurcation diagram. b Time series for the ULC estimation,
obtained for u = 0.92; red line: discarded portion; black line:
used portion. c,d Phase portrait of the system for u = 0.92 (y and
α coordinates, respectively); red line: discarded portion; black

line: used portion; black dashed line: exact ULC; green solid
line: estimated ULC. e Logarithmic decrement points and ULC
estimation. f Comparison between exact and estimated ULC for
different initial conditions. (Color figure online)

error in the presence of noise because of overfit-
ting. Nevertheless, the optimal polynomial order is
system-dependent, and in some cases a higher or
lower order polynomial might be more effective.
For example, in the presence of high noise, a linear
regression might outperform a quadratic one, while
a third order polynomial might avoid the false iden-
tification of a non-existent ULC near a fold bifur-
cation. In this context, if some information about
the possible order of the system nonlinearities is
available, for example through the sparse identifi-
cation of nonlinear dynamicsmethod [58,59], it can
be used for choosing a more appropriate regression
algorithm, including non-polynomial curves.

• If the phenomenon generating the ULC is triggered
beyond a certain oscillation amplitude and it does
not exist below this amplitude—as typical for dis-
continuous or non-smooth systems—the method
will fail for perturbations smaller than this ampli-
tude, because the generated trajectories contain no
information about the ULC. However, as demon-
strated in Sect. 4, in general, non-smoothness does
not necessarily preclude the method from function-
ing.

• In its present form, the method cannot address sys-
tems exhibiting strong modal interaction because
the exchange of energy between the modes would
make the energy decrement irregular.
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• Multi-DoF systems pose a significant challenge to
the methods, as typical for global analysis tech-
niques. The application of the method to such sys-
tems requires discarding the initial part of the sig-
nal. Nevertheless, the sensitivity of the method to
the discarded portion is not critical, and the method
worked effectively for both a single-DoF infinite-
dimensional system (Sect. 5) and a two-DoF one
(Sect. 6). In future studies, an objective metric
to define the portion of the trajectory to be dis-
carded should be developed to reduce the algo-
rithm’s dependence on user discretion. Addition-
ally, more challenging tests should be performed to
assess the algorithm’s performance for multi-DoF
systems.

• The method makes specific assumptions while
extrapolating information from a trajectory. As a
result, it may produce wrong results if the system
exhibits unusual dynamical behavior, related, for
examples, to a twisted primary spectral submani-
fold [60]. Therefore, users should be aware that the
estimated ULC might be significantly incorrect in
such cases.

As expected, and confirmed by the obtained results,
in general, the closer the initial condition is to the unsta-
ble solution, the better the approximation. For systems
whose initial conditions can be freely chosen, this prop-
erty can be exploited by iteratively generating multiple
trajectories, with initial conditions set on the ULC esti-
mated in the previous iteration. This approach could
yield a highly accurate estimation in just a few itera-
tion steps.

Other future developments of this work include an
experimental validation of the method to confirm its
applicability to real-world scenarios. Specifically, its
effectiveness in the presence of noise and unmeasured
DoF will be assessed. Additionally, the method will
be extended to identify ULCs in topologically differ-
ent phase portraits, for example where the ULC does
not necessarily surround a stable equilibrium, or in
non-autonomous systems. Finally, efforts will focus on
developing a strategy to extract useful information from
the portion of the signal that is discarded in multi-DoF
systems.
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